s3
PIP-NN method refers to adapting the permutation symmetry rigorously in the NN fitting. That is to say the low-order PIPs also were included in the input layer of the NNs. They are symmetrized monomials, 3 G=Ŝ ∏ p ij l ij N i<j (1) where Ŝ is the symmetrization operator, containing all possible systemic nuclear permutation operations. (2) is the total degree in each monomial. In the input layer, the number of PIPs should be sufficiently large in order to ensure the permutation symmetry of the system 4 . In this fitting, all 17 PIPs up to the second order had been included.
Some of the NN structures in different region with one or two hidden layers were tested, especially the HOCO interaction region as the complex structure of PES. Two hidden layers with N 1 and N 2 neurons are settled. The ab initio data is divided into three sets in each NN fitting, i.e., the training, validation, and test set including 90%, 5%, and 5% of the data points respectively. The Levenberg Marquardt algorithm 5 was employed in all of the NN fittings, and the root mean square error (RMSE) was given by:
where E fitted and E ab are respectively the fitted energy and the ab initio energy. Fits with similar RMSEs for all three sets were selected to avoid false extrapolation. The maximum deviation also as evaluation criteria was used to select the final PIP-NN fits.
Following the NN ensemble approach, the final PIP-NN PES was obtained by averaging the three best fits to minimize random errors. were employed to connect the three regions.
Details for the finally fitting were listed. For the OH + CO region, 1021
parameters and a two-layer NN structure, (N1-N2) = (20-30), were used. Meanwhile, the final NN structure in H + CO 2 region has a single-layer, (N1-N2) = (10-0), with 761 parameters. For the important HOCO region, a two layers NN structure, (N1-N2)
= (50-80), with 5061 parameters were employed in the final fitting. Thus the RMSE and the maximum deviation of the total PES are 5.0 meV and 209.4 meV, respectively.
While, for points of energies less than 3.0 eV (relative to the global minimum), the corresponding values are separately 3.0 meV and 127.7 meV.
Lanczos algorithm
Lanczos algorithm 7 was used to calculate the eigenvalues and wavefunctions of the HOCO system, where the related six-dimensional (6D) non-rotating (J=0)
Hamiltonian (ℏ=1) on the basis of the above coordinate system is defined as follows,
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where μ i are the reduced masses of the radial coordinates, V is the PES mentioned above, and V i is the reference potential along the corresponding radial coordinates. ĵ 1 , ĵ 2 serve as the angular momentum operators corresponding to θ 1 , θ 2 . It is should be noted that ĵ 0 2 = (ĵ 1 +ĵ 2 ) 2 .For the wavefunctions, the potential-optimized discrete variable representation (PODVR) 8, 9 was used to describe the three radial coordinates, and the uncoupled spherical harmonics basis was adopted to describe the angular directions,
where Y are spherical harmonics functions, Φ are Fourier functions, and m are the azimuthal quantum numbers.s5 iteration of the normalized initial state of |ψ 1 ⟩ using the following three-term recursion formula,
where Ĥ is the Hamiltonian and α k and β k represent the diagonal and sub/super-diagonal elements of the tridiagonal Lanczos matrix, respectively, given by
By diagonalizing the K×K Lanczos matrix, we can obtain the eigenvectors
T } as well as the corresponding eigenvalues {E i (k) } of the given iteration step K. Subsequently, the wavefunctions can be expressed as a linear combination of eigenvectors and iterative Lanczos states, namely,
. Hence, the smallness of the last element of the Lanczos eigenvector, i.e.,
|z Ki (K) |, becomes the decisive factor for the convergence of the Lanczos iteration.
We listed pure torsional states of trans-HOCO, cis-HOCO, trans-DOCO and
cis-DOCO which were used in the calculation and fit of effective frequencies in Table   S5 . It should be noted that all of the levels belong to a species were used in the fitted curves 1, except the level of trans-HOCO marked in red. In the fitted curves 2, the levels marked in blue were not included.
s6 Table S1 . Parameters in the calculations of the HOCO (DOCO) system Parameters HOCO DOCO Grid/basis ranges and sizes 
